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TWISTED POINCARE´ DUALITY BETWEEN POISSON
HOMOLOGY AND POISSON COHOMOLOGY
J. LUO, S.-Q. WANG, AND Q.-S. WU
Abstract. A version of the twisted Poincare´ duality is proved between the
Poisson homology and cohomology of a polynomial Poisson algebra with values
in an arbitrary Poisson module. The duality is achieved by twisting the Poisson
module structure in a canonical way, which is constructed from the modular
derivation. In the case that the Poisson structure is unimodular, the twisted
Poincare´ duality reduces to the Poincare´ duality in the usual sense. The main
result generalizes the work of Launois-Richard [LR07] for the quadratic Poisson
structures and Zhu [Zhu13] for the linear Poisson structures.
0. Introduction
Poisson structures naturally appear in classical/quantum mechanics, in the de-
formation theory of commutative algebras and in mathematical physics. They play
an important role in Poisson geometry, in algebraic geometry and non-commutative
geometry. Poisson cohomologies are important invariants of Poisson structures.
They are closely related to Lie algebra cohomology, but Poisson cohomology is
finer in general. The set of Casimir elements of the Poisson structure is the 0-th
cohomology; Poisson derivations modulo Hamiltonian derivations is the 1-st co-
homology. Poisson cohomology appears as one considers deformations of Poisson
algebras. The basic concepts of Hamiltonian mechanics are conveniently expressed
in terms of Poisson cohomology.
The Poisson cohomology of a symplectic manifold is precisely its de Rham coho-
mology. The Poisson cohomology of a linear Poisson structure is also easy to un-
derstand. The Poisson cohomology for all Poisson structures on affine plane which
are homogeneous is computed in [RV02] (see also [Mon02]). Pichereau [Pic06] suc-
ceeded to compute the Poisson cohomology for affine Poisson 3-dimensional spaces
and Poisson surfaces defined by a weight homogeneous polynomial with an iso-
lated singularity. In general, computing the Poisson cohomology of a given Poisson
structure is very difficult.
Poisson homology has a close relation with the Hochschild homology of its de-
formation algebra. In some cases, Poisson homology is computable. Van den Bergh
[VdB94], Marconnet [Mar04], Berger and Pichereau [BP11] considered some 3-
dimensional Calabi-Yau algebras as deformations of polynomial Poisson algebras
respectively, by computing the corresponding Poisson homology, they computed the
Hochschild homology of the deformation algebras by using the Brylinsky spectral
sequence [Bry88, EG10]. In a similar way, Tagne Pelap computed the Hochschild
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homology of 4-dimensional Sklyanin algebras [TaP1, TaP2]. The Poisson structures
considered by them are all Jacobian Poisson structure (JPS, for short) [Prz01]. JPS
is a unimodular Poisson structure, and there is a Poincare´ duality between Pois-
son homology and cohomology for unimodular Poisson algebras. Xu [Xu99] proved
this for unimodular Poisson manifolds. So, by the duality, the Poisson cohomol-
ogy in these cases can also be obtained. Tagne Pelap [TaP3] also computed the
Poisson (co)homology for some non-unimodular Poisson structures (GJPS) over the
polynomial algebras in 3 variables.
On the other hand, one can compute the Poisson (co)homology via the Hochschild
(co)homology of the deformation algebra [LR07]. By using the semiclassical limit of
the dualizing bimodule between the Hochschild homology and Hochschild cohomol-
ogy of the corresponding quantum affine space, Launois-Richard [LR07] obtained
a new Poisson module which provides a twisted Poincare´ duality between Poisson
homology and cohomology for the polynomial algebra with quadratic Poisson struc-
ture. Following this idea, Zhu [Zhu13] constructed a new Poisson module structure,
which comes from the dualizing bimodule resulting in the Poincare´ duality between
Hochschild homology and cohomology over the universal enveloping algebra [Ye00],
and obtained a twisted Poincare´ duality for linear Poisson algebras.
The major work in this paper is to prove a version of the twisted Poincare´ duality
between the Poisson homology and cohomology for any polynomial Poisson algebras
with values in an arbitrary Poisson module. The following is Theorem 3.5.
Theorem. Let R be a polynomial Poisson algebra in n variables, M be a right
Poisson R-module. Then for all p ∈ N, there is a functorial isomorphism
PHp(R,Mt) ∼= PH
n−p(R,M),
where PHn−p(R,M) is the (n− p)-th Poisson cohomology of R with values in M ,
and PHp(R,M) is the p-th Poisson homology of R with values in the twisted Poisson
module Mt twisted by the modular derivation of R (see Proposition 2.7).
The isomorphism is obtained from an explicit isomorphism between the Poisson
cochain complex of R with values in M and the Poisson chain complex of R with
values in Mt. This generalizes the results in [LR07] and [Zhu13]. In the case that
the Poisson structure is unimodular, the twisted Poincare´ duality reduces to the
Poincare´ duality in usual sense. In a subsequent paper, a version of the twisted
Poincare´ duality between the Poisson homology and cohomology for any smooth
affine Poisson variety with trivial canonical bundle is proved [LWW14]. A general
duality theorem is proved by Huebschmann [Hue99] in the setting of Lie-Rinehart
algebra.
The basic definitions concerning Poisson (co)homology are recalled in Section 1.
The modular derivation and log-Hamiltonian derivation are discussed in Section 2.
One example is given for a Polynomial Poisson algebra with Hamiltonian modular
derivation such that the Poincare´ duality between the Poisson homology and Pois-
son cohomology does not hold. So, the definition of unimodular Poisson structure is
modified to be one with log-Hamiltonian modular derivation. The twisted Poisson
module structure by a Poisson derivation is also given in Section 2. The main result
is proved in Section 3.
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1. Preliminaries and definitions
Let k be a field of characteristic zero. All vector spaces and algebras are over k.
1.1. Poisson algebras and modules.
Definition 1.1. [Lic77, Wei77] A commutative k-algebra R equipped with a bilin-
ear map {−,−} : R×R→ R is called a Poisson algebra if
(1) R with{−,−} : R×R→ R is a k-Lie algebra;
(2) {−,−} : R × R → R is a derivation in each argument with respect to the
multiplication of R.
Example 1.2. (1) [Poisson’s classical bracket, 1809] LetR = C∞(R2) be the ring of
smooth functions over the real plane R2. For any f, g ∈ R, let {f, g} = ∂f
∂x
∂g
∂y
− ∂g
∂x
∂f
∂y
.
Then R becomes a Poisson algebra.
(2) [GMP93] Let R = k[x1, x2, · · · , xn] be a polynomial algebra. Given any n − 2
polynomials f3, · · · , fn ∈ R, and u ∈ R, defining {−,−} on R by
{f1, f2} = u
df1 ∧ df2 ∧ df3 ∧ · · · ∧ dfn
dx1 ∧ dx2 ∧ · · · ∧ dxn
= uJ(f1, f2, f3, · · · , fn),
where J(f1, f2, · · · , fn) = det(
∂fi
∂xj
)n×n is the Jacobian determinant of f1, f2, · · · , fn.
Then R is a Poisson algebra and it is called a generalized Jacobian Poisson
Structure (GJPS) over R given by f3, · · · , fn and u. If u = 1, then the Poisson
structure is called a Jacobian Poisson Structure (JPS) given by f3, · · · , fn.
(3) Let A be an algebra which is not necessarily commutative and z ∈ A be a non
zero-divisor central element in A such that A¯ = A/zA is commutative. For any
x¯+ zA, y¯ + zA ∈ A¯ (x, y ∈ A), define
{x¯, y¯} = [x, y]/z + zA ∈ A¯.
Then A¯ with {, } is a Poisson algebra. Sometimes, A¯ is called a semiclassical limit
of A, A is called a quantization of A¯ and Aq = A/(z − q)A is called a deformation
of A¯, where q ∈ k∗.
Definition 1.3. [Oh99] A right Poisson moduleM over the Poisson algebra R is
a k-vector space M endowed with two bilinear maps · and {−,−}M :M ×R→M
such that
(1) (M, ·) is a module over the commutative algebra R;
(2) (M, {−,−}M) is a right Lie-module over the Lie algebra (R, {−,−});
(3) {xa, b}M = {x, b}Ma+ x{a, b} for any a, b ∈ R and x ∈M ;
(4) {x, ab}M = {x, a}Mb+ {x, b}Ma for any a, b ∈ R and x ∈M .
Left Poisson modules are defined similarly. Any Poisson algebra R is naturally
a right or left Poisson module over itself.
1.2. Poisson homology and cohomology. Let M be a right Poisson module
over the Poisson algebra R. In general, let Ω1(R) be the Ka¨hler differential module
of R and Ωp(R) be the p-th Ka¨hler differential forms. There is a canonical chain
complex
(1.1)
· · · −→M⊗RΩ
p(R)
∂
−→M⊗RΩ
p−1(R)
∂
−→ · · ·
∂
−→M⊗RΩ
1(R)
∂
−→M⊗RR→ 0
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where ∂ : M ⊗R Ω
p(R) −→M ⊗R Ω
p−1(R) is defined as:
∂(m⊗ da1 ∧ · · · ∧ dap) =
p∑
i=1
(−1)i−1{m, ai}M ⊗ da1 ∧ · · · d̂ai · · · ∧ dap
+
∑
1≤i<j≤p
(−1)i+jm⊗ d{ai, aj} ∧ da1 ∧ · · · d̂ai · · · d̂aj · · · ∧ dap.
Definition 1.4. [Mas06] The complex (1.1) is called the Poisson complex of R
with values in M , and its p-th homology is called the p-th Poisson homology of
R with values in M , denoted by PHp(R,M).
In the case M = R, the Poisson homology is the original definition of canonical
homology given by Brylinsky [Bry88].
Obviously, PH0(R,M) =M/ < {{m, a}M | m ∈M,a ∈ R} > and PH1(R,M) =
{
∑
imi⊗dai ∈M ⊗Ω
1(R) |
∑
i{mi, ai} = 0}/ < {{m, a}⊗db−{m, b}⊗da−m⊗
d{a, b} | m ∈M,a, b ∈ R} >. Indeed, there is no good interpretation for PH0(R,M)
and PH1(R,M) as the Poisson cohomology which will be defined shortly.
Next, let Xp(M) be the set of all skew-symmetric p-fold k-linear maps from R
to M which are derivation in each argument, that is,
Xp(M) = {F ∈ Homk(∧
pR,M) | F is a derivation in each argument}.
Obviously, X0(M) =M and X1(M) = Derk(R,M). There is a canonical cochain
complex
(1.2) 0 −→M
δ
−→ X1(M)
δ
−→ · · ·
δ
−→ Xp(M)
δ
−→ Xp+1(M) −→ · · ·
where δ : Xp(M) −→ Xp+1(M) is defined as F 7→ δ(F ) with
δ(F )(a1 ∧ · · · ∧ ap ∧ ap+1) =
p+1∑
i=1
(−1)i{F (a1 ∧ · · · ∧ âi ∧ · · · ∧ ap+1), ai}M
+
∑
1≤i<j≤p+1
(−1)i+jF ({ai, aj} ∧ a1 ∧ · · · ∧ âi ∧ · · · ∧ âj ∧ · · · ∧ ap+1).
Definition 1.5. [Lic77, Hue90] The complex (1.2) is called the Poisson cochain
complex of R with values inM , and its p-th cohomology is called the p-th Poisson
cohomology of R with values in M , denoted by PHp(R,M).
Note δ0 :M → X1(M) is the map m 7→ −{m,−}M and δ
1 : X1(M)→ X2(M) is
the map F 7→ δ1(F ) with δ1(F )(a∧b) = −{F (b), a}M+{F (a), b}M−F ({a, b}). The
elements in ker δ1 are called Poisson derivations, and the elements {m,−}M ∈
Im δ0 are called Hamiltonian derivations. Hence PH0(R,M) = {m ∈ M |
{m, a}M = 0, ∀ a ∈ R} consisting of all Casimir elements in M , and PH
1(R,M) =
{Poisson derivations}/{Hamiltonian derivations}.
2. Modular class and unimodular Poisson structure
2.1. Contraction map. Let R be a commutative algebra.
Definition 2.1. For any P ∈ Xp(R), the contraction map ιP : Ω
∗(R) → Ω∗(R)
is a graded R-linear map of degree −p, which is defined as ιP : Ω
k(R)→ Ωk−p(R):
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when k < p, ιP = 0; when k ≥ p and ω = da1 ∧ da2 ∧ · · · ∧ dak ∈ Ω
k(R),
ιP (ω) =
∑
σ∈Sp,k−p
sgn(σ)P (aσ(1), · · · , aσ(p)) daσ(p+1) ∧ daσ(p+2) ∧ · · · ∧ daσ(k),
where Sp,k−p denotes the set of all (p, k − p)-shuffles, which are the permutations
σ ∈ Sk such that σ(1) < · · · < σ(p) and σ(p+ 1) < · · · < σ(k).
For P = a ∈ R = X0(R), the contraction map has to be understood as ιP (ω) = aω.
Similar to the universal property of the Ka¨hler differential module Ω1(R) of R,
it is easy to see that Xk(R) ∼= HomR(Ω
k(R), R) as left R-modules for any k.
Definition 2.2. For any Q ∈ Ωp(R), the contraction map ιQ : X
∗(R)→ X∗(R)
is a graded R-linear map of degree −p, which is defined as ιQ : X
k(R)→ Xk−p(R):
when k < p, ιQ = 0; when k ≥ p and F ∈ X
k(R),
(ιQF )(da1 ∧ da2 ∧ · · · ∧ dak−p) = F (da1 ∧ da2 ∧ · · · ∧ dak−p ∧Q).
From Definitions 2.1 and 2.2, for any P ∈ Xp(R), f ∈ R and ω ∈ Ωk(R),
(2.1) ιP (ω ∧ df) = ιP (ω) ∧ df + (−1)
k−p+1ιιdf (P )(ω).
2.2. Modular class. Let R be a smooth algebra of dimension n with trivial canon-
ical bundle Ωn(R) = Rη where η is a volume form of R. Then η ∧ df = 0 and
(2.2) P (f)η = df ∧ ιP (η) (∀P ∈ X
1(A)).
If further, R is a Poisson algebra, with the Poisson structure pi = {−,−} : R∧R→
R, then
(2.3) ιHf (η) = − df ∧ ιpi(η)
where Hf := {f,−} : R→ R is the Hamiltonian derivation associated to f .
Now we can define the modular derivation for smooth Poisson algebras with
trivial canonical bundle.
Definition 2.3. Let R be a smooth Poisson algebra of dimension n with trivial
canonical bundle Ωn(R) = Rη where η is a volume form. Themodular derivation
of R with respect to η is defined as the map φη : R→ R such that for any f ∈ R,
φη(f) =
LHf η
η
,
where LHf = [d, ιHf ] is the Lie-derivation on Ω
·(R).
It follows from (2.2) and (2.3) that φη is not only a derivation, but also a Poisson
derivation.
Before we give the definition of the modular class for Poisson algebras, let us
say a few words geometrically. Let P be a Poisson manifold with Poisson tensor
pi, and with a volume form µ (for example, when P is a real orientable manifold).
The operator φµ : f 7→ (LHfµ)/µ is a Poisson derivation and hence a vector field,
where Hf = {f,−} is the Hamiltonian vector field of f and Lξ = [d, ιξ] is the Lie
derivative with respect to the vector field ξ. φµ is called the modular vector
field of P . When the volume form changes, the corresponding modular vector field
differs by a Hamiltonian vector field. So its class is a well-defined element in the
1-st Poisson cohomology, which is called the modular class of P . If the modular
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class vanishes, i.e., the modular vector field is a Hamiltonian vector field, then
the Poisson manifold is called unimodular [Wei97]. Xu [Xu99] proved a duality
between the Poisson homology and cohomology in the case of unimodular Poisson
manifold.
In algebra case, when the volume form is changed, the corresponding Poisson
derivation is modified by a so called log-Hamiltonian derivation as we see in the
following. If λ is another volume form of R, then λ = uη for some unit u ∈ R, and
φλ(f)λ =LHf (uη) = d(ιHf (uη)) = d(u ιHf (η))
=du ∧ ιHf (η) + u dιHf (η)
=Hf (u)η + uφη(f)η
=u−1Hf (u)λ+ φη(f)λ.
It follows that φλ = φη − u
−1Hu. The Poisson derivation u
−1{u,−} : R → R is
called a log-Hamiltonian derivation of R determined by the invertible element
u. The modular class of R is defined as the class φη modulo log-Hamiltonian
derivations (see [Dol09]). If the modular class is trivial, i.e., φη is a log-Hamiltonian
derivation, then R is called unimodular. If the only invertible elements of R are
non-zero elements in k1R as in polynomial algebras, then R is unimodular in this
sense if and only if the modular derivation is zero.
2.3. Polynomial Poisson algebras. Now, we consider polynomial Poisson al-
gebras. Let R = k[x1, x2, · · · , xn] be a polynomial Poisson algebra with Poisson
bracket {−,−}. Then Ω1(R) = ⊕ni=1R dxi and Ω
n(R) = R dx1∧dx2∧· · ·∧dxn with
a volume form η = dx1 ∧ dx2 ∧ · · · ∧ dxn. We can describe the modular derivation
φη easily.
Lemma 2.4. Let R = k[x1, x2, · · · , xn] be a polynomial Poisson algebra with Pois-
son bracket {−,−}. The modular derivation φη is given by
φη(f) =
n∑
j=1
∂{f, xj}
∂xj
, ∀ f ∈ R.
Proof. By definition,
φη(f)η = LHf η = d(ιHf dx1 ∧ dx2 ∧ · · · ∧ dxn)
=
n∑
j=1
(−1)j−1 d(Hf (xj) dx1 ∧ · · · d̂xj · · · ∧ dxn)
=
n∑
j=1
(−1)j−1 d({f, xj} dx1 ∧ · · · d̂xj · · · ∧ dxn)
=
n∑
j=1
(−1)j−1
n∑
l=1
∂{f, xj}
∂xl
dxl ∧ dx1 ∧ · · · d̂xj · · · ∧ dxn
=
n∑
j=1
∂{f, xj}
∂xj
dx1 ∧ dx2 ∧ · · · ∧ dxn
=
n∑
j=1
∂{f, xj}
∂xj
η.
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It follows that φη(f) =
∑n
j=1
∂{f,xj}
∂xj
. 
There is no non-trivial Poisson structure on k[x]. The Poisson structure on k[x, y]
is given by {x, y} = h ∈ k[x, y]; and for any fixed polynomial h ∈ k[x, y], {x, y} = h
gives a Poisson structure on k[x, y]. If the modular derivation of R is a Hamiltonian
derivation, then there is some g ∈ k[x, y], such that
φ(x) = ∂{x, y}/∂y = ∂h/∂y = {g, x} = ∂g/∂y{y, x},
φ(y) = ∂{y, x}/∂x = −∂h/∂x = {g, y} = ∂g/∂x{x, y},
that is,
∂h/∂y = −h∂g/∂y, ∂h/∂x = −h∂g/∂x.
Then h should be a constant in k. If h is a constant, the modular derivation of R
is 0. For polynomial algebras in three variables, this is not the case.
Example 2.5. Let R = k[x, y, z] with the Poisson structure given by
{x, y} = 0, {y, z} = y, {z, x} = −1.
In fact, {{x, y}, z}+{{y, z}, x}+{{z, x}, y}= {y, x} = 0 implies the Jacobi identity.
The modular derivation of R with respect to the volume form η = dx ∧ dy ∧ dz is
φη = {−, x} = {−x,−},
which is a Hamiltonian derivation. But R is not unimodular in our sense.
It is not difficult to see that any Jacobian Poisson structure overR = k[x1, x2, · · · , xn]
is unimodular (see also [Prz01]). The converse is true for polynomial Poisson alge-
bras in three variables.
Proposition 2.6. [Prz01, Theorem 5] Any unimodular Poisson structure over R =
k[x1, x2, x3] is a Jacobian Poisson structure.
Proof. Suppose that {xi, xj} = hij ∈ R (1 ≤ i, j ≤ 3) and (hij)3×3 is a skew-
symmetric matrix. For any f, g ∈ R, {f, g} =
∑3
i,j=1
∂f
∂xi
∂g
∂xj
{xi, xj}, i.e.,
{f, g} =
∂f
∂x1
∂g
∂x2
h12 +
∂f
∂x1
∂g
∂x3
h13
−
∂f
∂x2
∂g
∂x1
h12 +
∂f
∂x2
∂g
∂x3
h23
−
∂f
∂x3
∂g
∂x1
h13 −
∂f
∂x3
∂g
∂x2
h23.
{−,−} is a Lie structure if and only if that
{{x1, x2}, x3}+ {{x2, x3}, x1}+ {{x3, x1}, x2}
=
∂h12
∂x1
h13 +
∂h12
∂x2
h23 −
∂h23
∂x2
h12 −
∂h23
∂x3
h13 −
∂h13
∂x1
h12 +
∂h13
∂x3
h23 = 0.
The Poisson structure is unimodular if and only if
∂h12
∂x2
+
∂h13
∂x3
= 0,−
∂h12
∂x1
+
∂h23
∂x3
= 0 and
∂h13
∂x1
+
∂h23
∂x2
= 0.
Let h12 =
∂u
∂x3
for some u ∈ R. It follows from ∂h12
∂x2
+ ∂h13
∂x3
= 0 that h13 = −
∂u
∂x2
+
f(x1, x2) for some f(x1, x2) ∈ k[x1, x2]. Obviously, h12 =
∂v
∂x3
and h13 = −
∂v
∂x2
for
some v ∈ R. By ∂h13
∂x1
+ ∂h23
∂x2
= 0, h23 =
∂v
∂x1
+g(x1, x3) for some g(x1, x3) ∈ k[x1, x3].
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Since −∂h12
∂x1
+ ∂h23
∂x3
= 0, ∂g
∂x3
= 0 and g(x1, x3) ∈ k[x1]. Hence, there is some w ∈ R
such that h12 =
∂w
∂x3
, h13 = −
∂w
∂x2
and h23 =
∂w
∂x1
. It follows that the Poisson
structure on R = k[x1, x2, x3] is a Jacobian Poisson structure given by w ∈ R. 
2.4. Twisted Poisson module structure. There is a Poincare´ duality between
the Poisson homology and cohomology in the case of unimodular Poisson manifold
[Xu99].
For the polynomial Poisson algebra R = k[x1, x2, · · · , xn] with quadratic Poisson
structure {xi, xj} = aijxixj , where (aij) ∈ Mn(k) is a skew-symmetric matrix,
Launois-Richard [LR07, Theorem 3.4.2] proved a twisted Poincare´ duality between
the Poisson cohomology PH∗(R,R) and the Poisson homology PH∗(R,Rt), where
Rt is a twisted Poisson module structure of R given by the semi-classical limit.
Let g be an n-dimensional k-Lie algebra with a basis {x1, x2, · · · , xn}. Then
the symmetric algebra S = S(g) ∼= k[x1, x2, · · · , xn] is a Poisson algebra with
Poisson bracket defined by {xi, xj} = [xi, xj ]. Zhu [Zhu13, Theorem 3.6] proved
a twisted Poincare´ duality between the Poisson cohomology PH∗(S, S) and the
Poisson homology PH∗(S, St), where St is a twisted Poisson module structure of S
obtained from the Nakayama automorphism of the enveloping algebra U(g).
The following proposition shows that any Poisson module can be twisted by a
Poisson derivation.
Proposition 2.7. Let D ∈ X1(R) be a Poisson derivation, and M be a right
Poisson R-module. Define a new bilinear map {−,−}MD :M ×R→M as
{m, a}MD := {m, a}M +m ·D(a).
Then the R-module M with {−,−}MD is a right Poisson R-module, which is called
the twisted Poisson module of M twisted by the Poisson derivation D, denoted
by MD.
Proof. For any m ∈M and a, b ∈ R, since D({a, b}) = {D(a), b}+ {a,D(b)},
{m, {a, b}}MD = {m, {a, b}}+m ·D({a, b})
={{m, a}, b}− {{m, b}, a}+m · {D(a), b}+m · {a,D(b)}
={{m, a}, b}+ {m ·D(a), b} − {m, b} ·D(a)
− {{m, b}, a} − {m ·D(b), a}+ {m, a} ·D(b)
={{m, a}, b}+ {m ·D(a), b}+ ({m, a}+m ·D(a)) ·D(b)
− {{m, b}, a} − {m ·D(b), a} − ({m, b}+m ·D(b)) ·D(a)
={{m, a}MD , b}+ {m, a}MD ·D(b)− {{m, b}MD , a} − {m, b}MD ·D(a)
={{m, a}MD , b}MD − {{m, b}MD , a}MD .
Hence (M, {−,−}MD) is a right Lie-module over the Lie algebra (R; {−,−}), that
is, condition (2) in Definition 1.3 holds.
Next, we claim that the conditions (3) and (4) in Definition 1.3 hold.
{ma, b}MD = {ma, b}+ma ·D(b) = {m, b}a+m{a, b}+ma ·D(b)
=[{m, b}+m ·D(b)]a+m{a, b} = {m, b}MDa+m{a, b};
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and
{m, ab}MD = {m, ab}+m ·D(ab) = {m, a}b+ {m, b}a+m · [D(a)b + aD(b)]
=[{m, a}+m ·D(a)]b + [{m, b}+m ·D(b)]a = {m, a}MDb+ {m, b}MDa.
By definition, M with {−,−}MD is a Poisson right R-module. 
Example 2.8. (1) Consider the polynomial algebra R = k[x1, x2, · · · , xn] with the
quadratic Poisson structure given by {xi, xj} = aijxixj , where (aij) ∈ Mn(k) is
a skew-symmetric matrix [LR07]. By Lemma 2.4, φη(xi) = (
∑n
j=1 aij)xi. So the
Poisson module M = Rt given in [LR07, §3.1(6)] is exactly the twisted Poisson
R-module of R twisted by the modular derivation φη as defined in Proposition 2.7.
(2) Let g be an n-dimensional k-Lie algebra with a basis {x1, x2, · · · , xn}. Then
the symmetric algebra S = S(g) ∼= k[x1, x2, · · · , xn] is a Poisson algebra with
Poisson bracket defined by {xi, xj} = [xi, xj ]. One can check that in this case the
modular derivation φη(xi) = tr(adxi). The Poisson module St given in [Zhu13, §3]
is exactly the twisted Poisson S-module of S twisted by the modular derivation φη.
The main result in this paper which will be proved in next section is that there
is a twisted Poincare´ duality PH∗(R,M) ∼= PHn−∗(R,Mt) for any Poisson module
M over polynomial Poisson algebra R = k[x1, x2, · · · , xn], where Mt is the twisted
Poisson module of M twisted by the modular derivation of R. This generalizes the
main results in [LR07] and [Zhu13]. If the Poisson structure of R is unimodular,
then it reduces to the Poincare´ duality PH∗(R,M) ∼= PHn−∗(R,M) for any Poisson
R-module M .
The following example shows that Poincare´ duality does not hold between the
Poisson homology and cohomology even for polynomial Poisson algebras in three
variables with Hamiltonian modular derivation.
Example 2.9. Let R = k[x, y, z] with the Poisson structure as given in Example
2.5. Consider the Poisson chain complex:
0→ Ω3(R)
∂
−→ Ω2(R)
∂
−→ Ω1(R)
∂
−→ Ω0(R)→ 0,
which is
0→ R dx ∧ dy ∧ dz
∂
−→ R dx ∧ dy ⊕R dy ∧ dz ⊕R dz ∧ dx
∂
−→
R dx⊕R dy ⊕R dz
∂
−→ R→ 0, with
∂(f dx ∧ dy ∧ dz) = −
∂f
∂z
dy ∧ dz +
∂f
∂z
y dx ∧ dz + (
∂f
∂x
+
∂f
∂y
y + f) dx ∧ dy.
It follows that PH3(R,R) = ker ∂ ∼= {f ∈ R |
∂f
∂z
= 0, ∂f
∂x
+ ∂f
∂y
y + f = 0}.
Suppose that f = b0(x) + b1(x)y + · · · + bm(x)y
m. Then ∂f
∂x
+ ∂f
∂y
y + f = 0 if
and only if bi(x) = −b
′
i(x)− ibi(x) (i ≥ 1) and b0(x) = −b
′
0(x) if and only if f = 0.
Hence PH3(R,R) = 0.
Next we compute the Poisson homology PH3(R,Rt). Consider the Poisson chain
complex:
0→ Rt ⊗ Ω
3(R)
∂
−→ Rt ⊗ Ω
2(R)
∂
−→ Rt ⊗ Ω
1(R)
∂
−→ Rt ⊗ Ω
0(R)→ 0,
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which is 0→ R dx ∧ dy ∧ dz
∂
−→ R dx ∧ dy ⊕R dy ∧ dz ⊕R dz ∧ dx
∂
−→
R dx⊕R dy ⊕R dz
∂
−→ R→ 0, with
∂(g dx ∧ dy ∧ dz) = −
∂g
∂z
dy ∧ dz +
∂g
∂z
y dx ∧ dz + (
∂g
∂x
+
∂g
∂y
y) dx ∧ dy.
It follows that PH3(R,Rt) = ker ∂ ∼= {g ∈ R |
∂g
∂z
= 0, ∂g
∂x
+ ∂g
∂y
y = 0}. Suppose
that g = c0+ yf(x, y)+ xh(x). Then, on one hand
∂g
∂x
= y ∂f
∂x
+ h(x) + x∂h
∂x
, and on
the other hand, ∂g
∂x
= −y ∂g
∂y
. It follows that h(x) + x∂h
∂x
= 0 and h(x) = 0. Hence
g = c0 + yf(x, y). Then
∂g
∂x
+ ∂g
∂y
y = 0 if and only if ∂f
∂x
+ ∂f
∂y
y + f = 0, if and only
if f = 0, as showed before. Hence g = c0 and PH3(R,Rt) ∼= k.
It follows from our main result Theorem 3.5, PH0(R,R) ∼= PH3(R,Rt) ∼= k.
Hence PH0(R,R) is not isomorphic to PH3(R,R).
3. Poincare´ duality of polynomial Poisson algebras
In this section, let R = k[x1, x2, · · · , xn] be a polynomial Poisson algebra with
Poisson bracket {−,−}, and M be an arbitrary right Poisson R-module. By using
the twisted PoissonR-moduleMt ofM twisted by the modular derivation φη, where
η = dx1 ∧ dx2 ∧ · · · ∧ dxn is the volume from of R, we prove a twisted Poincare´
duality between the Poisson cohomology of R with values in M and the Poisson
homology of R with values in the twisted Poisson module Mt. This generalizes
the duality theorem for unimodular Poisson algebras and also the main results in
[LR07] for quadratic Poisson algebras and in [Zhu13] for linear Poisson algebras.
For any R-module M , let ‡pM : X
p(M)→M ⊗R Ω
n−p(R) be the map
(3.1) F 7→
∑
σ∈Sp,n−p
sgn(σ)F (xσ(1), · · · , xσ(p))⊗ dxσ(p+1) ∧ · · · ∧ dxσ(n).
Lemma 3.1. For any R-module M , ‡pM : X
p(M)→M ⊗R Ω
n−p(R) is an isomor-
phism.
Proof. It is well known that ‡pR : X
p(R) ∼= Ωn−p(R), F 7→ ιF η is an isomorphism,
with the inverse Ωn−p(R)→ Xp(R), Q 7→ ιQη
∗, where η∗ = ∂/∂x1 ∧ · · · ∧ ∂/∂xn ∈
Xn(R) ∼= HomR(Ω
n(R), R).
Since Ωp(R) is a finitely generated projective R-module (p ≥ 0), with a dual
basis
{dxi1 ∧ · · · ∧ dxip , ∂/∂xi1 ∧ · · · ∧ ∂/∂xip}1≤i1<···<ip≤n,
there are canonical isomorphisms of left R-modules
Xp(M) ∼= HomR(Ω
p(R),M)
∼=M ⊗R HomR(Ω
p(R), R)
∼=M ⊗R X
p(R)
∼=M ⊗R Ω
n−p(R),
where the last isomorphism is idM ⊗‡
p
R. The isomorphismX
p(M)→M⊗RΩ
n−p(R)
given by the composition
Xp(M)→M ⊗R HomR(Ω
p(R), R)→M ⊗R Ω
n−p(R),
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is
F 7→
∑
1≤i1<···<ip≤n
F (xi1 , · · · , xip)⊗ ∂/∂xi1 ∧ · · · ∧ ∂/∂xip
7→
∑
i1<···<ip
∑
σ∈Sp,n−p
sgn(σ)F (xi1 , · · · , xip)(∂/∂xi1 ∧ · · · ∧ ∂/∂xip)(xσ(1), · · · , xσ(p))⊗
dxσ(p+1) ∧ · · · ∧ dxσ(n)
=
∑
σ∈Sp,n−p
sgn(σ)F (xσ(1), · · · , xσ(p))⊗ dxσ(p+1) ∧ · · · ∧ dxσ(n)
which is exactly ‡pM . 
In the following, let †pM = (−1)
p(p+1)
2 ‡pM .
Proposition 3.2. Let R = k[x1, x2, · · · , xn] be a polynomial Poisson algebra, M
be a right Poisson R-module and Mt be the twisted Poisson module of M twisted
by the modular derivation φη. Then the following diagram is commutative.
(3.2) Xp(M)
†p
M

δp
// Xp+1(M)
†p+1
M

Mt ⊗R Ω
n−p(R)
∂n−p
// Mt ⊗R Ω
n−p−1(R).
Proof. Suppose f ∈ Xp(M). Then, by (1.2) and (3.1),
(†p+1M · δ
p)(f) = †p+1M (δ
p(f))
=(−1)
(p+1)(p+2)
2
∑
1≤i≤p+1
σ∈Sp+1,n−p−1
sgn(σ)(−1)i{f(xσ(1), · · · , x̂σ(i) · · · , xσ(p+1)), xσ(i)}⊗
dxσ(p+2) ∧ · · · ∧ dxσ(n)
+ (−1)
(p+1)(p+2)
2
∑
1≤i<j≤p+1
σ∈Sp+1,n−p−1
sgn(σ)(−1)i+j
f({xσ(i), xσ(j)}, xσ(1), · · · , x̂σ(i), · · · , x̂σ(j), · · · , xσ(p+1))⊗ dxσ(p+2) ∧ · · · ∧ dxσ(n).
Denote the first term by U and the second one by V .
Let Sp,1,n−p−1 be the set of all (p, 1, n − p − 1)-shuffles, which are all the per-
mutations σ ∈ Sn such that σ(1) < · · · < σ(p) and σ(p + 2) < · · · < σ(n). For
any σ ∈ Sp+1,n−p−1 and any i ∈ {1, 2, · · · , p+ 1}, if we move σ(i) backward to the
position p+ 1, then we get a shuffle in Sp,1,n−p−1. This gives the following one to
one correspondence
Sp+1,n−p−1 × {1, 2, · · · , p+ 1} → Sp,1,n−p−1, (σ, i) 7→ τ = σαi,
where αi = (i, i+ 1, · · · , p+ 1). Note that sgn(αi) = (−1)
p−i+1. Then
U = (−1)
(p+1)(p+2)
2
∑
1≤i≤p+1
σ∈Sp+1,n−p−1
(−1)p+1 sgn(σαi)
{f(xσαi(1), · · · , xσαi(i−1), xσαi(i), · · · , xσαi(p)), xσαi(p+1)}⊗
dxσαi(p+2) ∧ · · · ∧ dxσαi(n)
= (−1)
p(p+1)
2
∑
τ∈Sp,1,n−p−1
sgn(τ){f(xτ(1), · · · , xτ(p), xτ(p+1)}⊗
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dxτ(p+2) ∧ · · · ∧ dxτ(n).
Since f is a derivation in each argument, f(X, y2, · · · , yn) =
∑n
l=1
∂X
∂xl
f(xl, y2, · · · , yn).
So,
V =(−1)
(p+1)(p+2)
2
∑
1≤i<j≤p+1
σ∈Sp+1,n−p−1
sgn(σ)(−1)i+j
n∑
l=1
∂{xσ(i), xσ(j)}
∂xl
f(xl, xσ(1), · · · , x̂σ(i), · · · , x̂σ(j), · · · , xσ(p+1))⊗ dxσ(p+2) ∧ · · · ∧ dxσ(n)
=(−1)
(p+1)(p+2)
2
∑
1≤i<j≤p+1
σ∈Sp+1,n−p−1
sgn(σ)(−1)i+j
n∑
l=1
∂{xσ(i), xσ(j)}
∂xσ(l)
f(xσ(l), xσ(1), · · · , x̂σ(i), · · · , x̂σ(j), · · · , xσ(p+1))⊗ dxσ(p+2) ∧ · · · ∧ dxσ(n)
=(−1)
(p+1)(p+2)
2
∑
1≤i<j≤p+1
σ∈Sp+1,n−p−1
sgn(σ)(−1)j−1
∂{xσ(i), xσ(j)}
∂xσ(i)
f(xσ(1), · · · , xσ(i), · · · , x̂σ(j), · · · , xσ(p+1))⊗ dxσ(p+2) ∧ · · · ∧ dxσ(n)
+ (−1)
(p+1)(p+2)
2
∑
1≤i<j≤p+1
σ∈Sp+1,n−p−1
sgn(σ)(−1)i
∂{xσ(i), xσ(j)}
∂xσ(j)
f(xσ(1), · · · , x̂σ(i), · · · , xσ(j), · · · , xσ(p+1))⊗ dxσ(p+2) ∧ · · · ∧ dxσ(n)
+ (−1)
(p+1)(p+2)
2
∑
1≤i<j≤p+1
σ∈Sp+1,n−p−1
sgn(σ)(−1)i+j
n∑
l=p+2
∂{xσ(i), xσ(j)}
∂xσ(l)
f(xσ(l), xσ(1), · · · , x̂σ(i), · · · , x̂σ(j), · · · , xσ(p+1))⊗ dxσ(p+2) ∧ · · · ∧ dxσ(n)
=(−1)
(p+1)(p+2)
2
∑
σ∈Sp+1,n−p−1
sgn(σ)
p+1∑
j=2
j−1∑
i=1
(−1)j−1
∂{xσ(i), xσ(j)}
∂xσ(i)
f(xσ(1), · · · , xσ(i), · · · , x̂σ(j), · · · , xσ(p+1))⊗ dxσ(p+2) ∧ · · · ∧ dxσ(n)
+ (−1)
(p+1)(p+2)
2
∑
σ∈Sp+1,n−p−1
sgn(σ)
p∑
i=1
p+1∑
j=i+1
(−1)i
∂{xσ(i), xσ(j)}
∂xσ(j)
f(xσ(1), · · · , x̂σ(i), · · · , xσ(j), · · · , xσ(p+1))⊗ dxσ(p+2) ∧ · · · ∧ dxσ(n)
+ (−1)
(p+1)(p+2)
2
∑
1≤i<j≤p+1
σ∈Sp+1,n−p−1
sgn(σ)(−1)i+j
n∑
l=p+2
∂{xσ(i), xσ(j)}
∂xσ(l)
f(xσ(l), xσ(1), · · · , x̂σ(i), · · · , x̂σ(j), · · · , xσ(p+1))⊗ dxσ(p+2) ∧ · · · ∧ dxσ(n)
=(−1)
(p+1)(p+2)
2
∑
σ∈Sp+1,n−p−1
sgn(σ)
p+1∑
i=1
(−1)i
p+1∑
j=1
∂{xσ(i), xσ(j)}
∂xσ(j)
f(xσ(1), · · · , x̂σ(i), · · · , xσ(p+1))⊗ dxσ(p+2) ∧ · · · ∧ dxσ(n)
+ (−1)
(p+1)(p+2)
2
∑
1≤i<j≤p+1
σ∈Sp+1,n−p−1
sgn(σ)(−1)i+j
n∑
l=p+2
∂{xσ(i), xσ(j)}
∂xσ(l)
f(xσ(l), xσ(1), · · · , x̂σ(i), · · · , x̂σ(j), · · · , xσ(p+1))⊗ dxσ(p+2) ∧ · · · ∧ dxσ(n)
=V1 + V2,
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where V1 is the first term, and V2 is the second one of the last expression.
As we did for U ,
V1 =(−1)
(p+1)(p+2)
2
∑
σ∈Sp+1,n−p−1
sgn(σ)
p+1∑
i=1
(−1)i
p+1∑
j=1
∂{xσ(i), xσ(j)}
∂xσ(j)
f(xσ(1), · · · , x̂σ(i), · · · , xσ(p+1))⊗ dxσ(p+2) ∧ · · · ∧ dxσ(n)
can be rewritten as
V1 =(−1)
p(p+1)
2
∑
τ∈Sp,1,n−p−1
sgn(τ)
p+1∑
j=1
∂{xτ(p+1), xτ(j)}
∂xτ(j)
f(xτ(1), · · · , xτ(p))⊗ dxτ(p+2) ∧ · · · ∧ dxτ(n).
On the other hand, by using (1.1), (3.1) and d{xσ(i), xσ(j)} =
∑n
l=1
∂{xσ(i),xσ(j)}
∂xl
dxl,
(∂n−p · †
p
M )(f) = ∂n−p(†
p
M (f))
=(−1)
p(p+1)
2
∑
σ∈Sp,n−p
sgn(σ)
n−p∑
i=1
(−1)i−1{f(xσ(1), · · · , xσ(p)), xσ(p+i)}Mt⊗
dxσ(p+1) ∧ · · · ̂dxσ(p+i) · · · ∧ dxσ(n)
+ (−1)
p(p+1)
2
∑
1≤i<j≤n−p
σ∈Sp,n−p
sgn(σ)(−1)i+jf(xσ(1), · · · , xσ(p))⊗
d{xσ(p+i), xσ(p+j)} ∧ dxσ(p+1) ∧ · · · ̂dxσ(p+i) · · · ̂dxσ(p+j) · · · ∧ dxσ(n)
=L+N,
where L is the first term, and N is the second one of the last expression.
Consider the one-to-one correspondence
Sp,n−p × {1, 2, · · · , n− p} → Sp,1,n−p−1, (σ, i) 7→ τ = σβi,
where βi = (p+ i, p+ i− 1, · · · , p+ 1). Note that sgn(βi) = (−1)
i−1. Then
L =(−1)
p(p+1)
2
∑
σ∈Sp,n−p
sgn(σ)
n−p∑
i=1
(−1)i−1{f(xσ(1), · · · , xσ(p)), xσ(p+i)}Mt⊗
dxσ(p+1) ∧ · · · ̂dxσ(p+i) · · · ∧ dxσ(n)
=(−1)
p(p+1)
2
∑
σ∈Sp,n−p
n−p∑
i=1
sgn(σβi){f(xσβi(1), · · · , xσβi(p)), xσβi(p+1)}Mt⊗
dxσβi(p+2) ∧ · · · ∧ dxσβi(p+i) ∧ dxσβi(p+i+1) ∧ · · · ∧ dxσβi(n)
=(−1)
p(p+1)
2
∑
τ∈Sp,1,n−p−1
sgn(τ){f(xτ(1), · · · , xτ(p)), xτ(p+1)}Mt ⊗ dxτ(p+2) ∧ · · · ∧ dxτ(n)
=(−1)
p(p+1)
2
∑
τ∈Sp,1,n−p−1
sgn(τ){f(xτ(1), · · · , xτ(p)), xτ(p+1)} ⊗ dxτ(p+2) ∧ · · · ∧ dxτ(n)
+ (−1)
p(p+1)
2
∑
τ∈Sp,1,n−p−1
sgn(τ)f(xτ(1), · · · , xτ(p)) · φη(xτ(p+1))⊗
dxτ(p+2) ∧ · · · ∧ dxτ(n)
=L1 + L2,
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where L1 is the first term, and L2 is the second one of the last expression.
N =(−1)
p(p+1)
2
∑
σ∈Sp,n−p
sgn(σ)
∑
1≤i<j≤n−p
(−1)i+jf(xσ(1), · · · , xσ(p))⊗
n∑
l=1
∂{xσ(p+i), xσ(p+j)}
∂xl
dxl ∧ dxσ(p+1) ∧ · · · ̂dxσ(p+i) · · · ̂dxσ(p+j) · · · ∧ dxσ(n)
=(−1)
p(p+1)
2
∑
σ∈Sp,n−p
sgn(σ)
∑
1≤i<j≤n−p
(−1)i+jf(xσ(1), · · · , xσ(p))⊗
n∑
l=1
∂{xσ(p+i), xσ(p+j)}
∂xσ(l)
dxσ(l) ∧ dxσ(p+1) ∧ · · · ̂dxσ(p+i) · · · ̂dxσ(p+j) · · · ∧ dxσ(n)
=(−1)
p(p+1)
2
∑
σ∈Sp,n−p
sgn(σ)
∑
1≤i<j≤n−p
(−1)j−1f(xσ(1), · · · , xσ(p))⊗
∂{xσ(p+i), xσ(p+j)}
∂xσ(p+i)
dxσ(p+1) ∧ · · · ̂dxσ(p+j) · · · ∧ dxσ(n)
+ (−1)
p(p+1)
2
∑
σ∈Sp,n−p
sgn(σ)
∑
1≤i<j≤n−p
(−1)if(xσ(1), · · · , xσ(p))⊗
∂{xσ(p+i), xσ(p+j)}
∂xσ(p+j)
dxσ(p+1) ∧ · · · ̂dxσ(p+i) · · · ∧ dxσ(n)
+ (−1)
p(p+1)
2
∑
σ∈Sp,n−p
sgn(σ)
∑
1≤i<j≤n−p
(−1)i+jf(xσ(1), · · · , xσ(p))⊗
p∑
l=1
∂{xσ(p+i), xσ(p+j)}
∂xσ(l)
dxσ(l) ∧ dxσ(p+1) ∧ · · · ̂dxσ(p+i) · · · ̂dxσ(p+j) · · · ∧ dxσ(n)
=(−1)
p(p+1)
2
∑
σ∈Sp,n−p
sgn(σ)
n−p∑
i=1
n−p∑
j=1
(−1)if(xσ(1), · · · , xσ(p))⊗
∂{xσ(p+i), xσ(p+j)}
∂xσ(p+j)
dxσ(p+1) ∧ · · · ̂dxσ(p+i) · · · ∧ dxσ(n)
+ (−1)
p(p+1)
2
∑
σ∈Sp,n−p
sgn(σ)
∑
1≤i<j≤n−p
(−1)i+jf(xσ(1), · · · , xσ(p))⊗
p∑
l=1
∂{xσ(p+i), xσ(p+j)}
∂xσ(l)
dxσ(l) ∧ dxσ(p+1) ∧ · · · ̂dxσ(p+i) · · · ̂dxσ(p+j) · · · ∧ dxσ(n)
=N1 +N2,
where N1 is the first term, and N2 is the second term of the last expression.
As we did for L,
N1 = (−1)
p(p+1)
2
∑
σ∈Sp,n−p
sgn(σ)
n−p∑
i=1
n−p∑
j=1
(−1)if(xσ(1), · · · , xσ(p))⊗
∂{xσ(p+i), xσ(p+j)}
∂xσ(p+j)
dxσ(p+1) ∧ · · · ̂dxσ(p+i) · · · ∧ dxσ(n)
=(−1)
p(p+1)
2
∑
τ∈Sp,1,n−p−1
sgn(τ)
n−p∑
j=1
(−1)f(xτ(1), · · · , xτ(p))⊗
∂{xτ(p+1), xτ(p+j)}
∂xτ(p+j)
dxτ(p+2) ∧ · · · ∧ dxτ(n).
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Obviously, U = L1. By the following Lemma 3.3 and Lemma 3.4, V1 = L2 +N1
and V2 = N2. It follows that
(†p+1M · δp)(f) = U + V = U + V1 + V2
= L1 + L2 +N1 +N2 = L+N
= (∂n−p · †
p
M )(f).
So, the diagram 3.2 is commutative. 
Lemma 3.3. V1 = L2 +N1.
Proof. By lemma 2.4,
V1 −N1
=(−1)
p(p+1)
2
∑
τ∈Sp,1,n−p−1
sgn(τ)f(xτ(1), · · · , xτ(p))·
(
p+1∑
j=1
∂{xτ(p+1), xτ(j)}
∂xτ(j)
+
n−p∑
j=1
∂{xτ(p+1), xτ(p+j)}
∂xτ(p+j)
)⊗ dxτ(p+2) ∧ · · · ∧ dxτ(n)
=(−1)
p(p+1)
2
∑
τ∈Sp,1,n−p−1
sgn(τ)f(xτ(1), · · · , xτ(p)) ·
n∑
j=1
∂{xτ(p+1), xτ(j)}
∂xτ(j)
⊗ dxτ(p+2) ∧ · · · ∧ dxτ(n)
=(−1)
p(p+1)
2
∑
τ∈Sp,1,n−p−1
sgn(τ)f(xτ(1), · · · , xτ(p)) · φη(xτ(p+1))
⊗ dxτ(p+2) ∧ · · · ∧ dxτ(n)
=L2.

Lemma 3.4. V2 = N2.
Proof. Let Sp−1,2,1,n−p−2 denote the set of all (p− 1, 2, 1, n− p− 2)-shuffles, which
are the permutations σ ∈ Sn such that σ(1) < · · · < σ(p− 1), σ(p) < σ(p+ 1) and
σ(p+3) < · · · < σ(n). For any shuffle σ ∈ Sp+1,n−p−1, any i < j ∈ {1, 2, · · · , p+1}
and any l ∈ {p + 2, p + 3, · · · , n}, we can get a shuffle τ ∈ Sp−1,2,1,n−p−2 by the
following three steps. First move σ(l) backward to the position p+2 which can be
realized as σβl with βl = (l, l−1, · · · , p+2); then move σ(j) forward to the position
p+1 which is realized as σβlα
′
j with α
′
j = (j, j+1, · · · , p+1); and finally move σ(i)
forward to the position p which is realized as σβlα
′
jαi with αi = (i, i + 1, · · · , p).
So we have a map
Sp+1,n−p−1 × {1 ≤ i < j ≤ p+ 1} × {p+ 2 ≤ l ≤ n} → Sp−1,2,1,n−p−2,
(σ, i < j, l) 7→ τ = σβlα
′
jαi,
This map turns out to be a bijection. Note that sgn(βl) = (−1)
l−p, sgn(α′j) =
(−1)p+1−j , sgn(αi) = (−1)
p−i.
Then
V2 =(−1)
(p+1)(p+2)
2
∑
1≤i<j≤p+1
σ∈Sp+1,n−p−1
sgn(σ)(−1)i+j
n∑
l=p+2
∂{xσ(i), xσ(j)}
∂xσ(l)
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f(xσ(l), xσ(1), · · · , x̂σ(i), · · · , x̂σ(j), · · · , xσ(p+1))⊗ dxσ(p+2) ∧ · · · ∧ dxσ(n)
=(−1)
(p+1)(p+2)
2
∑
1≤i<j≤p+1
σ∈Sp+1,n−p−1
n∑
l=p+2
sgn(σβlα
′
jαi)(−1)
p+l+1
∂{xσβlα′jαi(p), xσβlα′jαi(p+1)}
∂xσβlα′jαi(p+2)
f(xσβlα′jαi(p+2), xσβlα′jαi(1), · · · , xσβlα′jαi(p−1))
⊗ (−1)l−p dxσβlα′jαi(p+2) ∧ · · · ∧ dxσβlα′jαi(n)
=(−1)
p(p+1)
2 +p
∑
τ∈Sp−1,2,1,n−p−2
sgn(τ)
∂{xτ(p), xτ(p+1)}
∂xτ(p+2)
f(xτ(p+2), xτ(1), · · · , xτ(p−1))⊗ dxτ(p+2) ∧ · · · ∧ dxτ(n).
On the other hand, for any shuffle σ ∈ Sp,n−p, any i < j ∈ {1, 2, · · · , n− p} and
any l ∈ {1, 2, · · · , p}, we can get a shuffle τ ∈ Sp−1,2,1,n−p−2 in the following three
steps. First move σ(p+ i) backward to the position p+1, which is realized as σβp+i
with βp+i = (p+ i, p+ i−1, · · · , p+1); then move σ(p+j) backward to the position
p+ 2, which is realized as σβp+iβ
′
p+j with β
′
p+j = (p+ j, p+ j − 1, · · · , p+ 2); and
finally move σ(l) forward to the position p+2, which is realized as σβp+iβ
′
p+jαl with
αl = (l, l+1, · · · , p, p+1, p+2). So we have the following one-to-one correspondence
Sp,n−p × {1 ≤ i < j ≤ n− p} × {1 ≤ l ≤ p} → Sp−1,2,1,n−p−2,
(σ, i < j, l) 7→ τ = σβp+iβ
′
p+jαl.
Note that sgn(βp+i) = (−1)
i−1, sgn(β′p+j) = (−1)
j, sgn(αl) = (−1)
p−l . Then
N2 =(−1)
p(p+1)
2
∑
σ∈Sp,n−p
sgn(σ)
∑
1≤i<j≤n−p
(−1)i+jf(xσ(1), · · · , xσ(p))⊗
p∑
l=1
∂{xσ(p+i), xσ(p+j)}
∂xσ(l)
dxσ(l) ∧ dxσ(p+1) ∧ · · · ̂dxσ(p+i) · · · ̂dxσ(p+j) · · · ∧ dxσ(n)
=(−1)
p(p+1)
2
∑
1≤i<j≤n−p
σ∈Sp,n−p
p∑
l=1
sgn(σβp+iβ
′
p+jαl)(−1)
p−l−1
(−1)l−1f(xσβp+iβ′p+jαl(p+2), xσβp+iβ′p+jαl(1), · · · , xσβp+iβ′p+jαl(p−1))
⊗
∂{xσβp+iβ′p+jαl(p), xσβp+iβ′p+jαl(p+1)}
∂xσβp+iβ′p+jαl(p+2)
dxσβp+iβ′p+jαl(p+2) ∧ dxσβp+iβ′p+jαl(p+3) ∧ · · · ∧ dxσβp+iβ′p+jαl(n)
=(−1)
p(p+1)
2 +p
∑
τ∈Sp−1,2,1,n−p−2
sgn(τ)f(xτ(p+2), xτ(1), · · · , xτ(p−1))⊗
∂{xτ(p), xτ(p+1)}
∂xτ(p+2)
dxτ(p+2) ∧ dxτ(p+3) ∧ · · · ∧ dxτ(n).
So, V2 = N2. Thus the lemma is proved. 
By lemma 3.1, the commutative diagram in Proposition 3.2 leads to a twisted
Poincare´ duality between the Poisson homology of R with values in Mt and the
Poisson cohomology of R with values in M .
TWISTED POINCARE´ DUALITY BETWEEN POISSON HOMOLOGY AND COHOMOLOGY17
Theorem 3.5. For all p ∈ N, PHp(R,Mt) ∼= PH
n−p(R,M). The isomorphism is
functorial.
Remark 3.6. Suppose the polynomial Poisson algebra R is unimodular, that is
φη = 0. Let M = R. Then Mt = M = R and PHp(R) ∼= PH
n−p(R), which is the
Poincare´ duality for unimodular Poisson algebra.
Remark 3.7. Theorem 3.5 generalizes [LR07, Theorem 3.4.2] and [Zhu13, Theorem
3.6] (See Example 2.8).
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